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INVERSE COEFFICIENT BOUNDS FOR CERTAIN CLASSES OF CLOSE TO
CONVEX FUNCTIONS
PRIYANKA GOEL AND S. SIVAPRASAD KUMAR
Abstract. Let K(g) be the class of close-to-convex functions with respect to a starlike function
g. Let F1, F2 and F3 be the subclasses of K(g), obtained by choosing g(z) as z/(1−z), z/(1−z
2)
and z/(1 − z + z2) respectively. In this paper, we obtain sharp upper bounds of first five initial
inverse coefficients for functions in each of these classes F1, F2 and F3.
1. Introduction
Let A denote the class of analytic functions of the form
f(z) = z +
∞∑
n=2
anz
n = z + a2z
2 + a3z
3 + . . . , (1.1)
which are analytic in the open unit disk D = {z ∈ C : |z|< 1}. Let S be a subclass of A consisting
of all univalent (one-to-one) functions in A. A function f ∈ A is said to be starlike if f maps D onto
a domain which is starlike with respect to origin. The class of starlike functions in S is denoted by
S∗ and is analytically characterized as f ∈ S∗ if and only if Re(zf ′(z)/f(z)) > 0 in D. Similarly,
a function f ∈ A is said to be convex if it maps D onto a domain which is convex. The class of
convex functions in S is denoted by C. We say that f ∈ C if and only if Re((1+zf ′′(z))/f ′(z)) > 0
in D. Further, Alexander theorem establishes a two way passage between S∗ and C namely, f ∈ C
if and only if zf ′(z) ∈ S∗. A function f defined on D is said to be close to convex with respect to
a starlike function g and with argument α ∈ (−π/2, π/2), if Re(eiαzf ′(z)/g(z)) > 0 and the class
of all such functions is denoted by Kα(g). Let K˜(g) be the class of close to convex functions with
respect to g and K˜α be the class of close to convex functions with argument α and are given by
K˜(g) :=
⋃
α∈(−pi/2,pi/2)
Kα(g) and K˜α :=
⋃
g∈S∗
Kα(g).
The class K defined as
K :=
⋃
α∈(−pi/2,pi/2)
K˜α =
⋃
g∈S∗
K˜(g),
denote the class of close to convex functions. Let K(g) := K0(g) be the class of close to convex
functions with respect to g and argument α = 0. Kaplan [2] proved that every close to convex
function is univalent in D. In geometrical terms, it means that if f ∈ K, then the complement
of the image of D under f is the union of non-intersecting half lines. Let P denote the class of
analytic functions of the form
p(z) = 1 +
∞∑
n=1
cnz
n = 1 + c1z + c2z
2 + c3z
3 + · · · (z ∈ D), (1.2)
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such that Re p(z) > 0 and this class is known as Caratheo´dory class. To prove our main results,
we need the following results pertaining to the class P:
Lemma 1.1. [7, p.41] If p(z) is in P and is given by (1.2), then |cn|≤ 2 for each n.
Lemma 1.2. [7] Let p ∈ P and is given by (1.2). Then∣∣∣∣c2 − c212
∣∣∣∣ ≤ 2− |c1|22 .
This inequality is sharp for the functions Pt,ϑ(z) given by
Pt,ϑ(z) = t
(
1 + eiϑz
1− eiϑz
)
+ (1− t)
(
1 + ei2ϑz2
1− ei2ϑz2
)
,
0 ≤ t ≤ 1 and 0 ≤ ϑ ≤ 2π.
Lemma 1.3. [4] Let p ∈ P and is given by (1.2). Then
2c2 = c
2
1 + x(4− c21)
4c3 = c
3
1 + 2(4− c21)c1x− c1(4− c21)x2 + 2(4− c21)(1− |x|2)y,
8c4 = c
4
1 + (4− c21)x(c21(x2 − 3x+ 3) + 4x)
−4(4− c21)(1− |x|2)(c1(x− 1)y + x¯y2 − (1− |y|2)z).
where x, y, z ∈ C such that |x|≤ 1, |y|≤ 1 and |z|≤ 1.
Lemma 1.4. [6] Let p ∈ P and is given by (1.2). Then
|c3 − 2c1c2 + c31|≤ 2
and
|c41 − 3c21c2 + c22 + 2c1c3 − c4|≤ 2.
This result is sharp for the function p(z) = (1 + z)/(1 − z).
It may be noted that the function given by
Ht,β(z) := (1− 2t)
(
1 + z
1− z
)
+ t
(
1 + βz
1− βz
)
+ t
(
1 + β¯z
1− β¯z
)
(1.3)
is a Caratheo´dary function if t ∈ [0, 1/2] and |β|= 1, we make use of it to find the extremal
functions needed for sharp bounds. Let the inverse of f(z) defined on a disk of radius atleast 1/4
has a series expansion of the form
f−1(w) = w +
∞∑
n=2
δnw
n = w + δ2w
2 + δ3w
3 + · · · . (1.4)
Since z = f−1(w), we have from (1.1)
w = f−1(w) + a2(f
−1(w))2 + a3(f
−1(w))3 + · · · . (1.5)
Comparing the coefficients on both sides of (1.5) after replacing the value of f−1(w) given in (1.4),
we obtain the following relations:
δ2 = −a2 (1.6)
δ3 = 2a
2
2 − a3 (1.7)
δ4 = 5a2a3 − 5a32 − a4 (1.8)
δ5 = 14a
4
2 − 21a22a3 + 6a2a4 + 3a23 − a5. (1.9)
In 1982, Libera and Z lotkiewicz [6] derived the bounds for the magnitude of the first seven inverse
coefficients δk (k = 2, 3...7) of the functions in C. Later in 1984, they estimated the bounds for
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first six inverse coefficients of the functions, whose derivative belongs to P [5]. In 1989, Silverman
estimated the bounds of inverse coefficients for starlike functions (see [12]). Similar work has
been carried out for various other classes such as class of starlike functions of positive order [3],
spirallike functions [14], starlike functions represented by symmetric gap series [13] and strongly
starlike functions [1]. In the present paper, we consider three extensively studied ([9], [10], [8])
subclasses of close to convex functions defined as follows:
F1 := {f ∈ A : Re(1− z)f ′(z) > 0 for z ∈ D}
F2 := {f ∈ A : Re(1− z2)f ′(z) > 0 for z ∈ D}
F3 := {f ∈ A : Re(1− z + z2)f ′(z) > 0 for z ∈ D}.
It is pertinent to mention here that Ponnusamy et al. discussed the region of variability for these
three classes in [9] and [10]. Further Ponnusamy et al. [8] generalized the classes F1 and F2 to
a class of harmonic close to convex functions defined on D. In [11], Kumar and Vasudevarao
estimated the bounds of first three logarithmic coefficients of functions belonging to these three
classes. However, in the present investigation, we try to find sharp upper bounds of the first five
consecutive inverse coefficients for functions in each of these classes F1, F2 and F3. Although the
fifth inverse coefficient bound obtained here was not sharp for functions in F2, but the range in
which the sharp bound lies is also pointed out.
2. Main Results
Let f(z) be given by (1.1) and belongs to K˜0. Then we have
Re
(
zf ′(z)
g(z)
)
> 0, (2.1)
where g is a starlike function defined as
g(z) = z +
∞∑
n=2
bnz
n. (2.2)
In view of (2.1), there exists p ∈ P, with power series representation given by (1.2), such that
zf ′(z) = g(z)p(z), (2.3)
which implies
z +
∞∑
n=2
nanz
n =
(
z +
∞∑
n=2
bnz
n
)(
1 +
∞∑
n=1
cnz
n
)
. (2.4)
Upon equating the like term coefficients on either side of (2.4), we get
2a2 = b2 + c1 (2.5)
3a3 = b3 + b2c1 + c2 (2.6)
4a4 = b4 + c1b3 + c2b2 + c3 (2.7)
5a5 = b5 + b4c1 + b3c2 + b2c3 + c4. (2.8)
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Using (2.5)-(2.8) in (1.6)-(1.9), we get the following δi’s in terms of bi’s and ci’s:
δ2 = −1
2
(b2 + c1) (2.9)
δ3 =
1
6
(3b22 + 3c
2
1 + 4b2c1 − 2b3 − 2c2) (2.10)
δ4 =
1
24
(20b2b3 − 25b22c1 + 14b2c2 + 14c1b3 − 25b2c21 + 20c1c2
−15b32 − 15c31 − 6b4 − 6c3) (2.11)
δ5 =
7
8
b42 −
7
4
b22b3 +
1
3
b23 +
3
4
b4b2 − 1
5
b5 +
7
4
b32c1 −
25
12
b2b3c1
+
11
20
b4c1 +
25
12
b22c
2
1 − b3c21 +
7
4
b2c
3
1 +
7
8
c41 − b22c2 +
7
15
b3c2
−25
12
b2c1c2 − 7
4
c21c2 +
1
3
c22 +
11
20
b2c3 +
3
4
c1c3 − 1
5
c4. (2.12)
Applying triangle inequality in (2.9), we obtain
2|δ2|≤ |b2|+|c1|. (2.13)
In a similar way, using triangle inequality in (2.10) and applying Lemma.1.2, we get
3|δ3|≤ 2− |c1|
2
2
+
∣∣∣∣(b3 − 12b22)− (c1 + b2)2
∣∣∣∣ . (2.14)
Let c1 = pe
iα and q = cosα such that 0 ≤ p ≤ 2 and 0 ≤ α ≤ 2π. Now, we rewrite (2.14) in terms
of p and q as follows:
3|δ3|≤ 2− p
2
2
+
∣∣∣∣(b3 − 12b22)− (pq + ip√1− q2 + b2)2
∣∣∣∣ . (2.15)
An application of Lemma.1.3 to (2.11), yields
48|δ4|=|6y(1 − |x|2)(4− c21) + 13c31 + (50b22 − 28b3)c1 + (30b32 + 12b4
− 40b2b3)− x(4− c21)(14b2 + 14c1 + 3c1x) + 36b2c21|.
(2.16)
Assume that bi’s are all real and replace c1 by c, where 0 ≤ c ≤ 2. Further, let x = reiθ with
d = cos θ such that 0 ≤ r ≤ 1 and 0 ≤ θ ≤ 2π. Now, applying triangle inequality in (2.16), we
obtain
48|δ4|≤ 6(1− r2)(4 − c2) + |ψ(c, r, d)|, (2.17)
where
ψ(c, r, d) =13c3 + (50b22 − 28b3)c+ (30b32 + 12b4 − 40b2b3) + 36b2c2
− r(d+ i
√
1− d2)(4 − c2)(14b2 + 14c + 3cr(d+ i
√
1− d2)).
Theorem 2.1. Let f(z) = z + a2z
2 + a3z
3 + . . . ∈ F1. Then
(i) |δ2|≤ 3/2
(ii) |δ3|≤ 17/6
(iii) |δ4|≤ 49/8
(iv) |δ5|≤ 1729/120.
These bounds are sharp.
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Proof. (i) Let f ∈ F1. Since f is close to convex function with respect to the starlike function
z/(1 − z), from (2.3) we have
zf ′(z) =
z
1− z p(z). (2.18)
For g(z) = z/(1 − z), we have bi = 1 for all i. Thus in view of Lemma 1.1, (2.13) reduces to
2|δ2|≤ 1 + |c1|≤ 3. (2.19)
We know that this inequality is sharp, whenever |c1|= 2 which is true for the function P1,ϑ(z) (0 ≤
ϑ ≤ 2π) given in Lemma 1.2. The inequality |δ2|≤ 3/2 is sharp since there exists an extremal
function fˆ1 ∈ F1, which is a solution of zfˆ ′1(z) = z(1− z)−1P1,ϑ(z).
(ii) By taking b2 = b3 = 1 in (2.15), we get
3|δ3|≤ 2− p
2
2
+
∣∣∣∣12 − (1 + pq + ip√1− q2)2
∣∣∣∣ ,
which can be written as
3|δ3|≤ 2− p
2
2
+
√
(p2 +
1
2
+ 2pq)2 + 2p2(1− q2) =: φ1(p, q). (2.20)
In the domain D = {(p, q) : 0 ≤ p ≤ 2,−1 ≤ q ≤ 1}, we need to find the points where φ1(p, q)
attains its maximum. A simple computation shows that there exists no solution of
∂φ1(p, q)
∂p
= 0 and
∂φ1(p, q)
∂q
= 0
in R × R. Thus, the maximum value of φ1(p, q) is not attained inside D. Now, we consider the
edges of D in order to find the maximum of φ1(p, q). On the line segment p = 0, φ1(0, q) = 5/2.
On the line segment p = 2, φ1(2, q) =
√
8q2 + 36q + 113/4, which is an increasing function
for q ∈ [−1, 1]. Thus maxq∈[−1,1] φ1(2, q) = φ1(2, 1) = 17/2. On the line segment q = −1,
φ1(p,−1) = 2 − p2/2 + |1/2 − 2p + p2| which further reduces into two cases. By using el-
ementary calculus, we obtain that maxp∈[0,2] φ1(p,−1) = φ1(0,−1) = 5/2. On the line seg-
ment q = 1, φ1(p, 1) = 5/2 + p
2/2 + 2p, which is an increasing function for p ∈ [0, 2]. Thus
maxp∈[0,2] φ1(p, 1) = φ1(2, 1) = 17/2. Hence the maximum value of φ1(p, q) is attained at (2, 1)
and is equal to 17/2. Thus |δ3|≤ 17/6. The inequality |δ3|≤ 17/6 is sharp since there exists an
extremal function f˜1 ∈ F1, which is a solution of zf˜ ′1(z) = z(1− z)−1P1,0(z).
(iii) Upon substituting b2 = b3 = b4 = 1 in (2.17), we get
48|δ4|≤ 6(4 − c2)(1 − r2) +
√
ψ1(c, r, d) =: Q(c, r, d), (2.21)
where
ψ1(c, r, d) =(13c
3 + 36c2 + 22c + 2)2 + (4− c2)2r2(84c2dr + 9c2r2
+ 196c2 + 84crd+ 392c + 196)
− 2(4 − c2)r(13c3 + 36c2 + 22c + 2)(−3cr + 6cd2r + 14cd + 14d).
It is sufficient to find the points in the rectangular cube K := {(c, r, d) : 0 ≤ c ≤ 2, 0 ≤ r ≤
1 and −1 ≤ d ≤ 1}, where the maximum value of Q(c, r, d) is attained. In order to find maximum
in the interior of K, we try to find the points where
∂Q(c, r, d)
∂c
=
∂Q(c, r, d)
∂r
=
∂Q(c, r, d)
∂d
= 0 (2.22)
6 PRIYANKA GOEL AND S. SIVAPRASAD KUMAR
It is easy to note that ∂Q(c, r, d)/∂d = 0 implies
d =
2 + 22c + 36c2 − 182c3 − 182c4 + 168cr2 − 42c3r2 + 168c2r2 − 42c4r2
12c(2 + 22c+ 36c2 + 13c3)r
.
Upon substituting the above value of d in ∂Q(c, r, d)/∂r = 0, we arrive at no real valued solution
of the equations stated in (2.22). That is, there exist no solution inside the cuboid K. Now, we
find the maximum of Q(c, r, d) on the six faces of K. On the rectangular face c = 0, we have
Q(0, r, d) = 24(1 − r2) +
√
4− 224d + 3136r2.
A simple calculation shows that (0, 0) is the only solution of the system
∂Q(0, r, d)
∂r
= 0 and
∂Q(0, r, d)
∂d
= 0.
Thus, we can say that the maximum value is not attained in the interior of the face c = 0. Now
we consider the face c = 2. Then we have Q(2, r, d) = 294 and clearly
max
r∈(0,1),d∈(−1,1)
Q(2, r, d) = 294.
On the square face r = 0, we have Q(c, 0, d) = 13c3+30c2+22c+26 which is clearly an increasing
function of c, where c ∈ (0, 2). Thus, we have
max
c∈(0,2),d∈(−1,1)
Q(c, 0, d) = Q(2, 0, d) = 294.
On the square face r = 1, we have
Q(c, 1, d) =
√
ρ1(c, d) + 2 (13c3 + 36c2 + 22c+ 2) (c2 − 4) (6cd2 + 14cd − 3c+ 14d),
where
ρ1(c, d) =
(
13c3 + 36c2 + 22c+ 2
)2
+
(
4− c2)2 (84c2d+ 205c2 + 84cd + 392c
+ 196).
It is easy to verify that ∂Q(c, 1, d)/∂d = 0 implies
d = −56(c+ 1)
(
8c3 + 18c2 + 5c+ 1
)
24c (13c3 + 36c2 + 22c + 2)
. (2.23)
A simple calculation reveals that ∂Q(c, 1, d)/∂c = 0 implies(
1776c5 + 5560c4 + 2416c3 − 1944c2 + 5736c + 6408)
+
(
2688c5 + 7280c4 − 2016c3 − 16464c2 − 10192c − 1344) d
+
(
936c5 + 2160c4 − 1440c3 − 5112c2 − 2112c − 96) d2 = 0. (2.24)
Upon substituting (2.23) in (2.24) and simplifying, we have
−8(5c3 + 18c2 + 17c+ 1)ξ(c)
3c2(13c3 + 36c2 + 22c + 2)2
= 0, (2.25)
where
ξ(c) =1950c10 + 9355c9 − 13790c8 − 180902c7 − 487347c6 − 620475c5
− 399657c4 − 117081c3 − 9367c2 + 980c+ 196.
The numerical solution of (2.25) in the range (0, 2) is c ≈ 0.105407. Substituting this value
in (2.23), we obtain d ≈ −8.97501, but d ∈ (−1, 1). Therefore, there exists no solution of
∂Q(c, 1, d)
∂d
= 0 and
∂Q(c, 1, d)
∂c
= 0
INVERSE COEFFICIENT BOUNDS FOR CERTAIN CLASSES OF CLOSE TO CONVEX FUNCTIONS 7
in the square face r = 1, that is {(c, d) : 0 < c < 2,−1 < d < 1}. Now we shall consider the
rectangular face d = −1, then we have
Q(c, r,−1) =3c3r2 − 14c3r + 13c3 + 6c2r2 − 14c2r + 30c2 − 12cr2 + 56cr
+ 22c − 24r2 + 56r + 26. (2.26)
A computation shows that ∂Q(c, r,−1)/∂r = 0 implies
r =
7(c+ 1)
3(c+ 2)
. (2.27)
It is easy to see that ∂Q(c, r,−1)/∂c = 0 gives
9c2r2 − 42c2r + 39c2 + 12cr2 − 28cr + 60c − 12r2 + 56r + 22 = 0. (2.28)
Upon substituting (2.27) in (2.28), we get 10c2 − 60c − 71 = 0. Clearly, this equation has no
solution in the range (0, 2). Finally considering the rectangular face d = 1, we have
Q(c, r, 1) =6c2r2 − 6c2 − 24r2 + 24 + |3c3r2 + 14c3r + 13c3 + 14c2r
+ 36c2 − 12cr2 − 56cr + 22c− 56r + 2|. (2.29)
If the expression in the modulus in (2.29) is positive, then ∂Q(c, r, 1)/∂r = 0 implies
r = −7(c+ 1)
3(c+ 2)
, (2.30)
which in turn confines the value of r to be negative, whenever c ∈ (0, 2) but 0 < r < 1. Therefore,
there exist no solution for this case. If the expression in the modulus of the equation (2.29) is
negative, then ∂Q(c, r, 1)/∂r = 0 implies
r =
7(c+ 1)
3(2− c) . (2.31)
On substituting (2.31) in ∂Q(c, r, 1)/∂c = 0, we get (179 + 140c + 30c2)/3 = 0. Obviously, this
equation has no real solution. Thus in either case, there exists no solution of the system of
equations
∂Q(c, r, 1)
∂r
= 0 and
∂Q(c, r, 1)
∂c
= 0.
Now we are left with the edges of K to find where Q(c, r, d) attains its maximum value. On the line
segment c = 0; r = 0, we have Q(0, 0, d) = 26 and clearly maxd∈[−1,1]Q(0, 0, d) = 26. On the line
segment c = 0; r = 1, we have Q(0, 1, d) =
√
3140 − 224d, which is clearly a decreasing function
of d and therefore, maxd∈[−1,1]Q(0, 1, d) = Q(0, 1,−1) = 58. On the line segment c = 0; d = −1,
we obtain Q(0, r,−1) = 26 − 24r2 + 56r, which is an increasing function of r and therefore,
maxr∈[0,1]Q(0, r,−1) = Q(0, 1,−1) = 58. On the line segment c = 0; d = 1, we observe that
Q(0, r, 1) = 24(1 − r2) + 2|28r − 1|. A computation shows that Q(0, r, 1) attains its maximum at
r = 1 and thus maxr∈[0,1]Q(0, r, 1) = Q(0, 1, 1) = 58. Also, we know that Q(2, r, d) = 294, which
implies
max
d∈[−1,1]
Q(2, 0, d) = max
d∈[−1,1]
Q(2, 1, d) = max
r∈[0,1]
Q(2, r,±1) = 294.
On the line segments r = 0; d = ±1, we have Q(c, 0,−1) = Q(c, 0, 1) = 13c3 + 30c2 + 22c + 26
which is clearly an increasing function of c and thus
max
c∈[0,2]
Q(c, 0,−1) = max
c∈[0,2]
Q(c, 0, 1) = 294.
On the line segment r = 1; d = −1, we obtain Q(c, 1,−1) = 2c3 +22c2 +66c+58 and it is easy to
verify that maxc∈[0,2]Q(c, 1,−1) = Q(2, 1,−1) = 294. Finally on the line segment r = 1; d = 1, we
have Q(c, 1, 1) = |D|, where D = 30c3 + 50c2 − 46c − 54. If D > 0 then Q(c, 1, 1) is an increasing
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function of c and thus maxc∈[0,2]Q(c, 1, 1) = Q(2, 1, 1) = 294. If D < 0 then Q(c, 1, 1) attains its
maximum at
(
2
√
415− 25) /45 and Q((2√415 − 25) /45, 1, 1) ≈ 62.6888. As Q(c, 1, 1) is uniformly
continuous on [0, 2] × {1} × {1}, we have |Q((2√415 − 25) /45, 1, 1) − 62.6888|< ǫ << 1. When ǫ
approaches to 0, we have maxc∈[0,2]Q(c, 1, 1) = 62.6888. In view of all the above cases, we have
max
(c,r,d)∈K
Q(c, r, d) = 294. (2.32)
Thus we obtain |δ4|≤ 49/8. The function k˜1 ∈ F1, obtained by solving (2.18) with P1,0(z) in place
of p(z) acts as an extremal function for the inequality |δ4|≤ 49/8 and hence is sharp.
(iv) Upon substituting of b2 = b3 = b4 = b5 = 1 in (2.12), we get
δ5 =
1
120
+
13
60
c1 +
13
12
c21 +
7
4
c31 +
7
8
c41 −
8
15
c2 − 25
12
c1c2 − 7
4
c21c2
+
1
3
c22 +
11
20
c3 +
3
4
c1c3 − 1
5
c4,
(2.33)
which can be written as
δ5 =
1
5
A+
11
20
B + ̺(c1, c2, c3) + ς(c1, c2), (2.34)
where
A = c41 − 3c21c2 + c22 + 2c1c3 − c4
B = c3 − 2c1c2 + c31
̺(c1, c2, c3) =
1
120
+
13
60
c1 +
2
15
c22 +
7
20
c1c3 and
ς(c1, c2) =
8
15
(
65
32
c21 − c2
)
+
59
60
c1
(
72
59
c21 − c2
)
+
23
20
c21
(
27
46
c21 − c2
)
.
In view of Lemma 1.4, we have |A|≤ 2 and |B|≤ 2. Evidently ̺(c1, c2, c3) attains its maximum at
(2, 2, 2). Thus, |̺(c1, c2, c3)|≤ 19/8. Now, let us consider ς(c1, c2) which can be again written in
terms of c1 and x by using Lemma 1.3 as follows:
ς1(c1, x) =
49
60
c21 +
17
24
c31 +
1
10
c41 − x(4− c21)
(
8
30
+
59
120
c1 +
23
40
c21
)
. (2.35)
Let us write c1 = c (0 ≤ c ≤ 2) and x = reiθ, with d = cos θ such that 0 ≤ r ≤ 1 and 0 ≤ θ ≤ 2π.
Then (2.35) reduces to:
ς2(c, r, d) =
49
60
c2 +
17
24
c3 +
1
10
c4 − (4− c2)
(
8
30
+
59
120
c+
23
40
c2
)
(rd+ ir
√
1− d2). (2.36)
Now let us assume
|ς2(c, r, d)|=
√
(Re ς2(c, r, d))2 + (Im ς2(c, r, d))2 =: Q1(c, r, d), (2.37)
where
Re ς2(c, r, d) =
49
60
c2 +
17
24
c3 +
1
10
c4 − (4− c2)rd
(
8
30
+
59
120
c+
23
40
c2
)
and
Im ς2(c, r, d) = (4− c2)r
√
(1− d2)
(
8
30
+
59
120
c+
23
40
c2
)
.
In order to maximize Q1(c, r, d), we use the similar method as used in part(iii) and observe that
max
c∈[0,2],r∈[0,1],d∈[−1,1]
Q1(c, r, d) = Q1(2, r, d) =
158
15
.
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Now applying triangle inequality on (2.34), we have
|δ5| ≤ 1
5
|A|+11
20
|B|+|̺(c1, c2, c3)|+|ς(c1, c2)|
≤ 1
5
(2) +
11
20
(2) +
19
8
+
158
15
=
1729
120
.
The above inequality is sharp since there exists an extremal function kˆ1 ∈ F1, which is a solution
of zkˆ′1(z) = z(1− z)−1P1,0(z).
Theorem 2.2. Let f(z) = z + a2z
2 + a3z
3 + . . . ∈ F2. Then
(i) |δ2|≤ 1
(ii) |δ3|≤ 1
(iii) |δ4|≤ 16/3
√
15
(iv) |δ5|≤ 2.947584.
Except (iv) rest all above bounds are sharp.
Proof. (i) Let f ∈ F2. Since f is close to convex function with respect to the starlike function
z/(1 − z2), we have
zf ′(z) =
z
1− z2 p(z). (2.38)
If g(z) = z/(1 − z2), then we have b2 = 0, b3 = 1, b4 = 0 and b5 = 1. Thus, in view of
Lemma 1.1, (2.13) reduces to
|δ2|≤ |c1|
2
≤ 1. (2.39)
We know that this inequality is sharp, whenever |c1|= 2 which is true for the function P1,ϑ(z) (0 ≤
ϑ < 2π) given in Lemma 1.2. The upper bound of |δ2| is sharp since there exists an extremal
function fˆ2 ∈ F2, which is the solution of zfˆ ′2(z) = z(1 − z2)−1P1,ϑ(z) (0 ≤ ϑ < 2π).
(ii) By taking b2 = 0 and b3 = 1 in (2.10), we get
δ3 =
1
6
(3c21 − 2− 2c2).
Now using Lemma 1.3 and applying the triangle inequality, we obtain
|δ3|≤ 1
6
(|2c21 − 2|+|x|(4 − c21)).
For the sake of convenience, we shall take c1 = c and |x|= r. Now we have to find the maxi-
mum of φ2(c, r) := |2c2 − 2|+r(4 − c2), whenever 0 ≤ c ≤ 2 and 0 ≤ r ≤ 1. If 0 ≤ c < 1,
then φ2(c, r) = 2 − 2c2 + r(4 − c2) attains its maximum value 6 at (0, 1). Further, if 1 <
c ≤ 2, then φ2(c, r) = 2c2 − 2 + r(4 − c2) attains its maximum value 6 at (2, r). Clearly at
c = 1, we have φ2(1, r) = 3r, which obviously attains its maximum value 3 at r = 1. Hence
maxr∈[0,1],c∈[0,2] φ2(c, r) = 6 and therefore |δ3|≤ 1. The upper bound of |δ3| is sharp since there
exists an extremal function f˜2 ∈ F2, which is the solution of zf˜ ′2(z) = (z/(1 − z2))P0,0(z).
(iii) Upon substituting b2 = 0, b3 = 1 and b4 = 0 in (2.17), we get
48|δ4|≤ 6(4− c2)(1− r2) + c
√
ψ2(c, r, d) =: G(c, r, d), (2.40)
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where
ψ2(c, r, d) =(13c
2 − 28)2 + (4− c2)2r2(9r2 + 84rd+ 196)
− 2(4 − c2)r(13c2 − 28)(14d − 3r + 6rd2).
Now, it is enough to find the points in the rectangular cube K := {(c, r, d) : 0 ≤ c ≤ 2, 0 ≤ r ≤
1 and − 1 ≤ d ≤ 1}, where the maximum of G(c, r, d) is attained. So we shall first find the critical
points by solving the following equations:
∂G(c, r, d)
∂c
=
∂G(c, r, d)
∂r
=
∂G(c, r, d)
∂d
= 0. (2.41)
It is easy to note that ∂G(c, r, d)/∂d = 0 implies
d =
168r2 − 42r2c2 − 182c2 + 392
12(13c2 − 28)r .
Upon substituting the above value of d in ∂G(c, r, d)/∂r = 0, we arrive at no real valued so-
lution of the equations stated in (2.41). That is, there exist no solution inside the cuboid K.
Now, we proceed to find the maximum of G(c, r, d) on the six faces of K. On the rectangular
face c = 0, we have G(0, r, d) = 24(1 − r2), which decreases as r increases from 0 to 1. Thus
maxr∈(0,1),d∈(−1,1)G(0, r, d) = 24. Now we consider the face c = 2. Then we have G(2, r, d) = 48
and clearly
max
r∈(0,1),d∈(−1,1)
G(2, r, d) = 48.
On the square face r = 0, we have G(c, 0, d) = 24 − 6c2 + c|13c2 − 28|. When c ∈ (0,
√
28/13),
we have G(c, 0, d) = 24 − 6c2 − 13c3 + 28c which is independent of d. A simple calculation
shows that G(c, 0, d) attains its maximum at c = 2
(√
282 − 3) /39 and G(2 (√282− 3) /39, 0, d) =
16
(
94
√
282 + 1863
)
/1521 ≈ 36.2028. When c ∈ (√28/13, 2), we observe that G(c, 0, d) = 24 −
6c2 + 13c3 − 28c, which is an increasing function of c (0 < c < 2). Clearly, the maximum value
48 of G(c, 0, d) is attained at c = 2. At c =
√
28/13, we have G(c, 0, d) = G(
√
28/13, 0, d) =
144/13 ≈ 11.0769. Thus, we have
max
c∈(0,2),d∈(−1,1)
G(c, 0, d) = G(2, 0, d) = 48.
On the square face r = 1, we have
G(c, 1, d) = c
√
ρ2(c, d) + 2(13c2 − 28)(c2 − 4)(14d + 6d2 − 3),
where
ρ2(c, d) =
(
13c2 − 28)2 + (4− c2)2(9 + 84d + 196).
It is easy to verify that ∂G(c, 1, d)/∂d = 0 implies
d = −−56c
2 + 140
39c2 − 84 . (2.42)
Upon simplifying ∂G(c, 1, d)/∂c = 0, yields
3c4
(
39d2 + 112d + 74
) − 16c2 (30d2 + 91d + 59)+ 16 (21d2 + 70d+ 53) = 0. (2.43)
Upon substituting (2.42) in (2.43) and simplifying, we have
4875c8 − 60800c6 + 213600c4 − 268800c2 + 100352 = 0. (2.44)
The numerical solution of (2.44) in the range (0, 2), is c ≈ 0.80673 and c ≈ 1.60961. Substituting
these values in (2.42), we obtain d ≈ −1.76659 and d ≈ −0.298498 respectively. Since d ∈ (−1, 1),
the only solution of
∂G(c, 1, d)
∂d
= 0 and
∂G(c, 1, d)
∂c
= 0
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in the square r = 1, is (c, d) = (1.60961,−0.298498) and the value ofG isG(1.60961, 1,−0.298498) ≈
35.8455. AsG(c, 1, d) is uniformly continuous on [0, 2]×{1}×[−1, 1], we have |G(1.60961, 1,−0.298498)−
35.8455|< ǫ << 1. When ǫ approaches to 0, we have maxc∈(0,2),d∈(−1,1)G(c, 1, d) = 35.8455. Now
we shall consider the rectangular face d = −1, then we have
G(c, r,−1) = 24 − 6c2 − 24r2 + 6c2r2 + c|(13c2 − 28)− r(4− c2)(3r − 14)|. (2.45)
If the expression in the modulus of the equation (2.45) is positive, we have
G(c, r,−1) = 24 − 6c2 − 24r2 + 6c2r2 + 13c3 − 28c− 12r2c+ 56rc+ 3r2c3 − 14c3r.
A computation shows that ∂G(c, r,−1)/∂r = 0 implies
r =
7c
3(c+ 2)
. (2.46)
It is easy to see that ∂G(c, r,−1)/∂c = 0 gives
− 12c+ 12cr2 + 39c2 − 28− 12r2 + 56r + 9c2r2 − 42c2r = 0. (2.47)
Upon Substituting (2.46) in (2.47), we get −30c2 + 160c − 84 = 0. The solution of this equation
in the range (0, 2) is c =
(
40−√970) /15. From (2.46), we have r = (−7) (√970− 61) /393 and
the value of the function G at this point is G(
(
40−√970) /15, (√970 − 61) /393,−1) ≈ 16.0781.
If the expression in the modulus of the equation (2.45) is negative, then we have
G(c, r,−1) = 24 − 6c2 − 24r2 + 6c2r2 − 13c3 + 28c+ 12r2c− 56rc− 3r2c3 + 14c3r.
A computation shows that ∂G(c, r,−1)/∂r = 0 implies
r =
7c
3(c− 2) , (2.48)
which in turn restricts the value of r to be negative, whenever c ∈ (0, 2), but r ∈ (0, 1). Therefore,
there exist no solution of the system of equations ∂G(c, r,−1)/∂r = 0 and ∂G(c, r,−1)/∂c = 0 in
this case. Thus
max
c∈(0,2),r∈(0,1)
G(c, r,−1) = 16.0781.
Finally considering the rectangular face d = 1, we have
G(c, r, 1) = 24− 6c2 − 24r2 + 6c2r2 + c|13c2 − 28− (4− c2)r(3r + 14)|. (2.49)
If the expression in the modulus is positive, then ∂G(c, r, 1)/∂r = 0 implies
r = − 7c
3(c+ 2)
, (2.50)
which forces r to be negative, whenever c ∈ (0, 2), but r ∈ (0, 1). Therefore, there exist no solution
in this case. If the expression in the modulus is negative, then ∂G(c, r, 1)/∂r = 0 implies
r =
7c
3(2− c) . (2.51)
On substituting (2.51) in ∂G(c, r, 1)/∂c = 0, we get 84 + 160c + 30c2 = 0. This equation has no
solution in (0, 2). Thus in either case, there is no solution of the following equations:
∂G(c, r, 1)
∂r
= 0 and
∂G(c, r, 1)
∂c
= 0.
Now we are left with the edges of K to find where G(c, r, d) attains its maximum value. On the
line segment c = 0; r = 0, we have G(0, 0, d) = 24 and clearly
max
d∈[−1,1]
G(0, 0, d) = 24.
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On the line segment c = 0; r = 1, we have G(0, 1, d) = 0 and therefore,
max
d∈[−1,1]
G(0, 1, d) = 0.
On the line segments c = 0; d = ±1, we obtain G(0, r,−1) = G(0, r, 1) = 24(1 − r2), which is a
decreasing function of r and therefore,
max
r∈[0,1]
G(0, r,−1) = max
r∈[0,1]
G(0, 0, 1) = 24.
Also, we know that G(2, r, d) = 48 which implies
max
d∈[−1,1]
G(2, 0, d) = max
d∈[−1,1]
G(2, 1, d) = max
r∈[0,1]
G(2, r,±1) = 48.
On the line segments r = 0; d = ±1, we have G(c, 0,−1) = G(c, 0, 1) = 24−6c2+c|13c2−28|. If c ∈
[0,
√
28/13), we have G(c, 0,±1) = 24−6c2−13c3+28c. It is easy to verify that ∂G(c, 0,±1)/∂c = 0
implies −39c2−12c+28 = 0, whose solution in the range [0,
√
28/13) is c = 2
(√
282 − 3) /29 and
we have
G(2
(√
282 − 3
)
/29, 0,±1) = 16
1521
(
94
√
282 + 1863
)
≈ 36.2028.
If c ∈ (√28/13, 2], then we have G(c, 0,±1) = 24 − 6c2 + 13c3 − 28c, which is an increasing
function of c and therefore, the maximum value is attained at c = 2. At c =
√
28/13, we have
G(c, 0,±1) = G(
√
28/13, 0,±1) = 144/13 ≈ 11.0769. Combining these three cases, we obtain
max
c∈(0,2)
G(c, 0,±1) = G(2, 0,±1) = 48.
On the line segment r = 1; d = −1, we have G(c, 1,−1) = 2c3 + 16c and it is easy to verify that
maxc∈[0,2]G(c, 1,−1) = G(2, 1,−1) = 48. Finally considering the line segment r = 1; d = 1, we
have G(c, 1, 1) = c|30c2 − 96|. If c2 > 16/5, then G(c, 1, 1) is an increasing function of c and thus
maxc∈[0,2]G(c, 1, 1) = G(2, 1, 1) = 48. If c
2 < 16/5, we have G(c, 1, 1) = c(96 − 30c2) attains its
maximum at
√
96/90 and G(
√
96/90, 1, 1) = 256/
√
15 ≈ 66.0989. Thus we have
max
(c,r,d)∈K
G(c, r, d) =
256√
15
. (2.52)
In view of all above, we obtain |δ4|≤ 16/3
√
15. It may be verified that a function h(z) ∈ P for
which c1 =
√
96/90, c2 = 2 and c3 =
√
96/90, then it can be written as h(z) = Ht0,−1 where
t0 = (15− 2
√
15)/60. The function k˜2(z) ∈ F2, obtained by solving zk˜′2(z) = (z/(1− z2))Ht0,−1(z)
acts as an extremal function for the inequality |δ4|≤ 16/3
√
15 and hence qualifies it to be sharp.
(iv) Upon substitution of b2 = 0, b3 = 1, b4 = 0 and b5 = 1 in (2.12), we get
δ5 =
2
5
− c21 +
7
8
c41 +
7
15
c2 − 7
4
c21c2 +
1
3
c22 +
3
4
c1c3 − 1
5
c4. (2.53)
In view of Lemma 1.3 with c1 = c (0 ≤ c ≤ 2), we have
δ5 =
2
15
− 23
30
c2 +
59
240
c4 +
7
30
x(4− c2)− 49
120
xc2(4− c2)− 9
80
x2c2(4− c2)
− 1
40
x3c2(4− c2)− 1
10
x(4− c2) + 1
12
x2(4− c2)2
+
(
11
40
+
1
10
x
)
(4− c2)(1 − |x|2)cy + 1
10
(4− c2)(1− |x|2)x¯y2
− 1
10
(4− c2)(1 − |x|2)(1− |y|2)z.
(2.54)
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Now applying triangle inequality, we get
|δ5|≤ |γ1(c, x)|+|γ2(c, x)||y|+|γ3(c, x)||y|2+|γ4(c, x, y)||z|, (2.55)
where
γ1(c, x) =
2
15
− 23
30
c2 +
59
240
c4 +
7
30
x(4− c2)− 49
120
xc2(4− c2)
− 9
80
x2c2(4− c2)− 1
40
x3c2(4− c2)− 1
10
x2(4− c2) + 1
12
x2(4− c2)2
γ2(c, x) =
(
11
40
+
1
10
x
)
(4 − c2)(1 − |x|2)c
γ3(c, x) =
1
10
(4− c2)(1 − |x|2)x¯
γ4(c, x, y) = − 1
10
(4− c2)(1− |x|2)(1 − |y|2).
Taking x = reiθ with d = cos θ such that 0 ≤ r ≤ 1 and 0 ≤ θ ≤ 2π, we may write
G1(c, r, d) := |γ1(c, x)|2. (2.56)
Then
G1(c, r, d) =
c8r6
1600
+
47c8r5d
4800
+
49c8r4d2
1200
+
1033c8r4
57600
+
59c8r3d3
1200
+
443c8r3d
3600
+
2773c8r2d2
14400
+
2029c8r2
28800
+
2891c8rd
14400
+
3481c8
57600
− c
6r6
200
− 9
100
c6r5d− 7
20
c6r4d2 − 1607c
6r4
7200
− 7
20
c6r3d3 − 1169
900
c6r3d
− 5761c
6r2d2
3600
− 1043c
6r2
1440
− 2779c
6rd
1800
− 1357c
6
3600
+
c4r6
100
+
1
4
c4r5d
+
21
25
c4r4d2 +
47c4r4
48
+
16
25
c4r3d3 +
1333
300
c4r3d+
207
50
c4r2d2
+
653c4r2
300
+
343
100
c4rd+
49c4
75
− 14
75
c2r5d− 28
75
c2r4d2 − 77c
2r4
45
− 8
75
c2r3d3 − 1193
225
c2r3d− 766
225
c2r2d2 − 401c
2r2
225
− 434
225
c2rd
− 46c
2
225
+
196r4
225
+
392r3d
225
+
112r2d2
225
+
28r2
45
+
56rd
225
+
4
225
.
Using the similar method as in (iii), we observe that the maximum of G1(c, r, d) on the cuboid
{(c, r, d) : 0 ≤ c ≤ 2, 0 ≤ r ≤ 1,−1 ≤ d ≤ 1} is attained at the point (√15/7, 1, 0) and is equal to
791/392. Next, let us write |x|= r and |y|= q in
G2(c, r, q) := |γ2(c, x)||y|+|γ3(c, x)||y|2+|γ4(c, x, y)| (2.57)
Again using the similar method, we find the maximum of G2(c, r, q) on the cuboid {(c, r, q) : 0 ≤
c ≤ 2, 0 ≤ r ≤ 1, 0 ≤ q ≤ 1} and observe that the maximum value is attained at (c0, r0, 1), where
c0 ≈ 1.12539 is the smallest root of 5552 + 1936c − 6200c2 − 2776c3 + 1479c4 + 945c5 = 0 and
r0 = 11(4−3c20)/(4(3c20+2c0−4)) ≈ 0.268895. Hence G2(c0, r0, 1) ≈ 0.929727. From (2.55), (2.56)
and (2.57), we obtain
|δ5|≤ max
c∈[0,2],r∈[0,1],s∈[−1,1]
√
G1(c, r, s) + max
c∈[0,2],r∈[0,1],q∈[0,1]
G2(c, r, q). (2.58)
Hence |δ5|≤ 791/392+0.929727 ≈ 2.947584. In fact, this bound is not sharp but we may conclude
that the sharp bound lies in the range [791/392, 791/392 + 0.929727] as there exists a function
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kˆ2(z) ∈ F2 for which the fifth inverse coefficient is equal to 791/392. The function kˆ2(z) can be
obtained by solving zkˆ2(z) = (z/(1−z2))Ht1,β1(z), where t1 = (1/56)
(
14−√105) and β = −1.
Theorem 2.3. Let f(z) = z + a2z
2 + a3z
3 + . . . ∈ F3. Then
(i) |δ2|≤ 3/2
(ii) |δ3|≤ 19/6
(iii) |δ4|≤ 61/8
(iv) |δ5|≤ 2371/120.
These all bounds are sharp.
Proof. (i) Let f ∈ F3. Since f is close to convex function with respect to the starlike function
z/(1 − z + z2), from (2.3) we have
zf ′(z) =
z
1− z + z2 p(z). (2.59)
For g(z) = z/(1 − z + z2), we have b2 = 1, b3 = 0, b4 = −1 and b5 = −1. Thus, in view of
Lemma 1.1, (2.13) reduces to
2|δ2|≤ 1 + |c1|≤ 3. (2.60)
We know that this inequality is sharp whenever |c1|= 2, which is true for the function P1,ϑ(z) (0 ≤
ϑ < 2π), defined in Lemma 1.2. The inequality |δ2|≤ 3/2 is sharp since there exists an extremal
function fˆ3 ∈ F3, which is a solution of zfˆ ′3(z) = z(1− z)−1P1,ϑ(z).
(ii) By taking b2 = 1 and b3 = 0 in (2.15), we get
3|δ3|≤ 2− p
2
2
+
∣∣∣∣12 − (1 + pq + ip√1− q2)2
∣∣∣∣ ,
which can be written as
3|δ3|≤ 2− p
2
2
+
√
(p2 +
3
2
+ 2pq)2 − 2p2(1− q2) =: φ3(p, q). (2.61)
In the domain D = {(p, q) : 0 ≤ p ≤ 2,−1 ≤ q ≤ 1}, we need to find the points where φ3(p, q)
attains its maximum. A simple computation shows that the only solution of
∂φ3(p, q)
∂p
= 0 and
∂φ3(p, q)
∂q
= 0
in R×R is (0,0). Thus, the maximum value of φ3(p, q) is not attained inside D. Now, we consider
the edges of D to find the maximum of φ3(p, q). On the line segment p = 0, φ3(0, q) = 7/2. On the
line segment p = 2, φ3(2, q) =
√
(11/2 + 4q)2 − 8(1 − q2) which is a decreasing function of q, when-
ever −1 ≤ q < −11/12 and thus maximum value is attained at q = −1. Similarly, φ3(2, q) is an
increasing function of q, whenever −11/12 < q ≤ 1 and thus maximum value is attained at q = 1.
Now, we have φ3(2,−1) = 3/2 and φ3(2, 1) = 19/2. Thus, maxq∈[−1,1] φ3(2, q) = φ3(2, 1) = 19/2.
On the line segment q = −1, φ3(p,−1) = 7/2 + p2/2 − 2p which is a decreasing function of p
whenever 0 ≤ p ≤ 2. Thus, maxp∈[0,2] φ3(p,−1) = φ3(0,−1) = 7/2. On the line segment q = 1,
φ3(p, 1) = 7/2 + p
2/2 + 2p which is an increasing function of p whenever 0 ≤ p ≤ 2. Thus,
maxp∈[0,2] φ3(p, 1) = φ3(2, 1) = 19/2. It is easy to note that maximum value of φ3(p, q) is attained
at (2, 1) and is equal to 19/2. Thus |δ3|≤ 19/6. The extremal function f˜3 ∈ F3 for which the upper
bound of |δ3| is sharp, can be obtained by solving (2.59) with P1,0(z) in place of p(z).
(iii) Upon substituting b2 = 1, b3 = 0 and b4 = −1 in (2.17), we get
48|δ4|≤ 6(4− c2)(1− r2) +
√
ψ3(c, r, d) =: N(c, r, d), (2.62)
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where
ψ3(c, r, d) =(13c
3 + 36c2 + 50c + 18)2 + (4− c2)2r2(84c2dr + 9c2r2
+ 196c2 + 84crd+ 392c + 196)
− 2(4− c2)r(13c3 + 36c2 + 50c+ 18)(−3cr + 6cd2r + 14cd + 14d).
Now we have to find the points in the rectangular cube K := {(c, r, d) : 0 ≤ c ≤ 2, 0 ≤ r ≤
1 and − 1 ≤ d ≤ 1}, where N(c, r, d) attains its maximum. First we try to explore the interior of
K for the critical points by solving:
∂N(c, r, d)
∂c
=
∂N(c, r, d)
∂r
=
∂N(c, r, d)
∂d
= 0. (2.63)
It is easy to note that ∂N(c, r, d)/∂d = 0 implies
d =
−21c4r2 − 91c4 − 21c3r2 − 343c3 + 84c2r2 − 602c2 + 84cr2 − 476c − 126
6c (13c3 + 36c2 + 50c + 18) r
.
Upon substituting the above value of d in ∂N(c, r, d)/∂r = 0, we arrive at no real solution of the
equations stated in (2.63). That is, there exist no solution inside the cuboid K. Thus, we proceed
further to find the maximum of N(c, r, d) on the six faces of K. On the rectangular face c = 0,
N(r, c, d) reduces to
N(0, r, d) = 24(1 − r2) +
√
324− 2016rd + 3136r2.
A simple calculation shows that (0, 0) is the only solution of the system
∂N(0, r, d)
∂r
= 0 and
∂N(0, r, d)
∂d
= 0.
Thus, we can say that the maximum value is not attained in the interior of the face c = 0. Now
we consider the face c = 2. Then we have N(2, r, d) = 366 and clearly
max
r∈(0,1),d∈(−1,1)
N(2, r, d) = 366.
On the square face r = 0, we have N(c, 0, d) = 13c3+30c2+50c+18, which is clearly an increasing
function of c, where c ∈ (0, 2). Thus, we have
max
c∈(0,2),d∈(−1,1)
N(c, 0, d) = N(2, 0, d) = 366.
On the square face r = 1, we have
N(c, 1, d) =
√
ρ3(c, d) + 2 (13c3 + 36c2 + 50c + 18) (c2 − 4) (6cd2 + 14cd − 3c+ 14d),
where
ρ3(c, d) =
(
13c3 + 36c2 + 50c + 18
)2
+
(
4− c2)2 (84c2d+ 205c2 + 84cd+ 392c
+ 196).
It is easy to verify that ∂N(c, 1, d)/∂d = 0 implies
d = −14(c+ 1)
(
16c3 + 36c2 + 38c + 18
)
12c (13c3 + 36c2 + 50c+ 18)
. (2.64)
A simple calculation reveals that ∂N(c, 1, d)/∂c = 0 implies(
1776c5 + 5560c4 + 4656c3 + 5064c2 + 13416c + 8504
)
+
(
2688c5 + 7280c4 + 1120c3 − 12768c2 − 15568c − 6272) d
+
(
936c5 + 2160c4 − 96c3 − 4536c2 − 4800c − 864) d2 = 0. (2.65)
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Upon substituting (2.64) in (2.65) and simplifying, we have
−8(5c3 + 18c2 + 31c+ 9)τ(c)
3c2(13c3 + 36c2 + 50c + 18)2
= 0, (2.66)
where
τ(c) =1950c10 + 9355c9 − 17290c8 − 222568c7 − 729631c6 − 1304461c5
− 1390549c4 − 805631c3 − 172575c2 + 33516c + 15876.
The numerical solution of (2.66) in the range (0, 2) is c ≈ 0.229261. Substituting this value
in (2.64), we obtain d ≈ −5.71653, but d ∈ (−1, 1). Therefore, there exists no solution of
∂N(c, 1, d)
∂d
= 0 and
∂N(c, 1, d)
∂c
= 0.
Now we shall consider the rectangular face d = −1, then we have
N(c, r,−1) =3c3r2 − 14c3r + 13c3 + 6c2r2 − 14c2r + 30c2 − 12cr2 + 56cr
+ 50c− 24r2 + 56r + 42. (2.67)
A computation shows that ∂N(c, r,−1)/∂r = 0 implies
r =
7(c+ 1)
3(c+ 2)
. (2.68)
It is easy to see that ∂N(c, r,−1)/∂c = 0 gives
9c2r2 − 42c2r + 39c2 + 12cr2 − 28cr + 60c− 12r2 + 56r + 50 = 0 (2.69)
Upon substituting (2.68) in (2.69), we get 10c2 − 60c − 99 = 0. Clearly, this equation has no
solution in (0, 2). Finally considering the rectangular face d = 1, we have
N(c, r, 1) =6c2r2 − 6c2 − 24r2 + 24 + |(13c3 + 36c2 + 50c + 18)
− (4− c2)(14r + 14cr + 3cr2)|. (2.70)
If the expression in the modulus in (2.70) is positive, then ∂N(c, r, 1)/∂r = 0 implies
r = −7(c+ 1)
3(c+ 2)
, (2.71)
which compels r to be negative, whenever c ∈ (0, 2), but 0 < r < 1. Thus, there exist no
solution in this case. If the expression in the modulus of the equation (2.70) is negative, then
∂N(c, r, 1)/∂r = 0 implies
r =
7(c+ 1)
3(2− c) . (2.72)
On substituting (2.72) in ∂N(c, r, 1)/∂c = 0, we get 5(6c2 + 28c + 19)/3 = 0. Obviously, this
equation has no solution in (0, 2). Thus in either case, there exists no solution of
∂N(c, r, 1)
∂r
= 0 and
∂N(c, r, 1)
∂c
= 0.
Now the edges ofK need to be explored for the critical points, whereN(c, r, d) attains its maximum
value. On the line segment c = 0; r = 0, we haveN(0, 0, d) = 42 and clearly maxd∈[−1,1]N(0, 0, d) =
42. On the line segment c = 0; r = 1, we have N(0, 1, d) =
√
3460 − 2016d, which is clearly a
decreasing function of d and therefore, maxd∈[−1,1]N(0, 1, d) = N(0, 1,−1) = 74. On the line
segment c = 0; d = −1, we obtain N(0, r,−1) = 42 − 24r2 + 56r, which is an increasing function
of r and therefore, maxr∈[0,1]N(0, r,−1) = Q(0, 1,−1) = 74. On the line segment c = 0; d = 1, we
observe that N(0, r, 1) = 24(1− r2)+ |18− 56r|, which is a decreasing function of r, whenever r ∈
(0, 9/28) and therefore, attains its maximum value 42 at r = 0. Similarly N(0, r, 1) = 6+56r−24r2,
which is an increasing function of r, whenever r ∈ (9/28, 1) and therefore, attains its maximum
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value 38 at r = 1. Clearly at r = 9/28, we have N(0, 9/28, 1) = 2109/98. Combining the above
three cases, we have maxr∈[0,1]N(0, r, 1) = N(0, 0, 1) = 42. Also, we know that N(2, r, d) = 366,
which implies
max
d∈[−1,1]
N(2, 0, d) = max
d∈[−1,1]
N(2, 1, d) = max
r∈[0,1]
N(2, r,±1) = 366.
On the line segments r = 0; d = ±1, we have N(c, 0,−1) = N(c, 0, 1) = 13c3 + 30c2 + 50c + 42,
which is clearly an increasing function of c and thus
max
c∈[0,2]
N(c, 0,−1) = max
c∈[0,2]
N(c, 0, 1) = 366.
On the line segment r = 1; d = −1, we obtain N(c, 1,−1) = 2c3 +22c2 +94c+74 and it is easy to
verify that maxc∈[0,2]N(c, 1,−1) = N(2, 1,−1) = 366. Finally on the line segment r = 1; d = 1, we
haveN(c, 1,−1) = |M |, whereM = 30c3+50c2−18c−38. IfM > 0 thenN(c, 1,−1) is an increasing
function of c and therefore, maxc∈[0,2]N(c, 1, 1) = N(2, 1, 1) = 366. If M < 0 then N(c, 1,−1)
attains its maximum at
(√
1030 − 25) /45 and N((√1030 − 25) /45, 1, 1) ≈ 19.7387. As N(c, 1, 1)
is uniformly continuous on [0, 2]×{1}×{1}, we have |N((√1030 − 25) /45, 1, 1)−19.7387|< ǫ << 1.
When ǫ approaches to 0, we have maxc∈[0,2]N(c, 1, 1) = 19.7387. In view of all the above cases,
we have
max
(c,r,d)∈K
N(c, r, d) = 366. (2.73)
Thus we obtain |δ4|≤ 61/8. The function k˜3 ∈ F3 obtained by solving zk˜′3(z) = z(1 − z +
z2)−1P1,0(z) acts as an extremal function for the inequality |δ4|≤ 61/8 and hence the inequal-
ity becomes sharp.
(iv) Upon substituting b2 = 1, b3 = 0, b4 = −1 and b5 = −1 in (2.12), we get
δ5 =
13
40
+
6
5
c1 +
25
12
c21 +
7
4
c31 +
7
8
c41 − c2 −
25
12
c1c2 − 7
4
c21c2
+
1
3
c22 +
11
20
c3 +
3
4
c1c3 − 1
5
c4,
(2.74)
which can be written as
δ5 =
1
5
A+
11
20
B + ̺∗(c1, c2, c3) + ς
∗(c1, c2), (2.75)
where
A = c41 − 3c21c2 + c22 + 2c1c3 − c4
B = c3 − 2c1c2 + c31
̺∗(c1, c2, c3) =
13
40
+
6
5
c1 +
2
15
c22 +
7
20
c1c3 and
ς∗(c1, c2) =
(
25
12
c21 − c2
)
+
59
60
c1
(
72
59
c21 − c2
)
+
23
20
c21
(
27
46
c21 − c2
)
.
Using Lemma 1.4, we have |A|≤ 2 and |B|≤ 2. Evidently ̺∗(c1, c2, c3) attains its maximum at
(2, 2, 2). Thus, |̺∗(c1, c2, c3)|≤ 559/120. Now, let us consider ς∗(c1, c2), which can be again written
in terms of c1 and x by using Lemma 1.3 as follows:
ς∗1 (c1, x) =
19
12
c21 +
17
24
c31 +
1
10
c41 − x(4− c21)
(
1
2
+
59
120
c1 +
23
40
c21
)
. (2.76)
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We shall aptly write c1 = c (0 ≤ c ≤ 2) and x = reiθ with d = cos θ such that 0 ≤ r ≤ 1 and
0 ≤ θ ≤ 2π. Then (2.76) reduces to
ς∗2 (c, r, d) =
19
12
c2 +
17
24
c3 +
1
10
c4 − (4− c2)
(
1
2
+
59
120
c+
23
40
c2
)
(rd+ ir
√
1− d2). (2.77)
Thus, we may write
|ς∗2 (c, r, d)|=
√
(Re ς∗2 (c, r, d))
2 + (Im ς∗2 (c, r, d))
2 =: N1(c, r, d), (2.78)
where
Re ς∗2 (c, r, d) =
19
12
c2 +
17
24
c3 +
1
10
c4 − (4− c2)rd
(
1
2
+
59
120
c+
23
40
c2
)
and
Im ς2(c, r, d) = (4− c2)r
√
(1− d2)
(
8
30
+
59
120
c+
23
40
c2
)
.
In order to maximize N1(c, r, d), we use the similar method as in part(iii) and obtain
max
c∈[0,2],r∈[0,1],d∈[−1,1]
N1(c, r, d) = N1(2, r, d) =
68
5
.
Applying triangle inequality on (2.75), we have
|δ5| ≤ 1
5
|A|+11
20
|B|+|̺∗(c1, c2, c3)|+|ς∗(c1, c2)|
≤ 1
5
(2) +
11
20
(2) +
559
120
+
68
5
=
2371
120
.
The inequality |δ5|≤ 2371/120 is sharp since there exists an extremal function kˆ3 ∈ F3, which is a
solution of zkˆ′3(z) = z(1− z)−1P1,0(z).
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